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Introduction and Background 
The parametric decay instability (PDI) is results from 
a three-wave interaction in which an incident (pump) 
wave decays into two daughter waves. PDIs may occur in 
certain media under the influence of radiation with a suf-
ficiently large amplitude, e.g. in tokamak and stellarator 
plasmas heated or diagnosed by mm-waves from a gyro-
tron. Energy and momentum conservation in the three-
wave process impose the selection rules that the sum of 
the daughter wave frequencies, Ȱ, and wave vectors, k, 
should equal those of the pump wave, 
     ω0 = ω1  + ω2,    k0 = k1 + k2,                 (1) 
where subscripts 0, 1 and 2 refer to the pump wave, and 
the low- and high-frequency daughter waves, respective-
ly; up-shifted high-frequency daughter waves, satisfying 
ω3 = ω0  + ω1, k3 = k0 + k1, also exist due to scattering of 
the pump wave by the low-frequency daughter waves. 
Thus, PDIs result in frequency-shifted radiation which 
interferes with mm-wave plasma diagnostics such as elec-
tron cyclotron emission (ECE) or collective Thomson 
scattering (CTS). In this work we focus on parametric 
decay of an electromagnetic pump wave into two elec-
trostatic daughter waves, particularly an X-mode pump 
wave decaying into a high-frequency warm upper hybrid 
(UH) wave and a low-frequency warm lower hybrid (LH) 
daughter wave near the upper hybrid resonance (UHR) of 
the pump wave. The main motivation is observations of 
strong PDI-like anomalous sidebands during CTS expe-
riments at the ASDEX Upgrade tokamak [1], shown in 
Fig. 1, and the LHD stellarator [2, 3]. Furthermore, simi-
lar observations have been made during 1st harmonic 
electron cyclotron resonance heating (ECRH) experi-
ments at the Versator II, FT-1 and TCA tokamaks [4–6], 
as well as at the W VII-A stellarator [7, 8]. 
Results and Conclusions 
For the PDI in which an electromagnetic X-mode 
pump wave decays into a warm UH and a warm LH wave 
near the UHR of the pump wave, we have generalized the 
results of [4, 9, 10]; the details are given in [11]. The dis-
persion relations describring the warm LH and warm UH 
waves in a simple plasma are given by [10, 11], for va-
nishing k|| (with respect to the equilibrium magnetic field 
B) they become, 
ω12 = ωLH2 (1 + A1be1),                    (2)  
ω22 = ωUH2 - ωpe2A2be2,                    (3) 
where ωUH2 = ωpe2 + ωce2 is the square of the UH frequen-
cy, ωLH2 = ωce2ωpi2/ωUH2 is the square of the LH frequen-
cy, be1,2 = meTek1,22/(e2B2) is the square of the wave number 
normalised by the inverse square of the thermal electron 
Larmor radius, A1 = 3{ωpe2/(4ωUH2) + [Ti/(ZiTe)]ωUH2/ωpe2} 
and A2 = 1/[1 - ωpe2/(3ωce2)] (Zi is the ion charge number 
and Te,i are given in energy units). From Eq. (3) and k2 > 
0, ω2 < ωUH for ωpe2 < 3ωce2 and ω2 > ωUH for ωpe2 > 3ωce2, 
indicating that propagating warm UH waves only exist on 
the same side of the UHR as the propagating X-mode, for 
which ω2 < ω0 < ωUH, when  ωpe2 < 3ωce2, generally limit-
ing the occurrence of this kind of PDI to underdense and 
weakly overdense plasmas, e.g. found in tokamaks and 
some stellarator experiments. We additionally note that, 
from Eqs. (1) and (2), ω1 > ωLH, ω2 = ω0 – ω1 < ω0 – ωLH 
and ω3 = ω0 + ω1 > ω0 + ωLH, consistent with the loca-
tions of the peaks observed in Fig. 1. In the dipole limit, 
k0 ≈ 0 or be1 ≈ be2, it is possible to derive analytical elec-
tric field amplitude thresholds for the above PDI, as done 
in [9, 10, 11]. 

 
Fig. 1. CTS spectral power density recorded at ASDEX Up-
grade in eV. Anomalous peaks shifted in frequency relative to 
the gyrotron radiation (full line) are observed; the frequency 
shifts slightly exceed the LH frequency at the UHR (dashed 
lines), but fall short of the frequency shifts predicted by dipole 
PDI theory (dotted lines) 
 
The above theory may be used to explain the ano-
malous sidebands observed during CTS experiments at 
the ASDEX Upgrade tokamak [1, 10, 11], seen in Fig. 1. 
In these experiments, depicted in Fig. 2, 105 GHz radia-
tion from a gyrotron is launched from the low-field side 
of the torus in O-mode and reflected by the high-field 
side vessel wall, after which part of the reflected radiation 
may re-enter the plasma in X-mode and ultimately reach 
the UHR where the PDI may occur. Ray tracing indicates 
the correlation between the anomalous sidebands in the 
CTS spectrum and a non-negligible amount of gyrotron 
radiation reaching the UHR in X-mode implied by the 
above mechanism [11]. We estimate the electric field 
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amplitude of the X-mode radiation using simple ray and 
beam tracing techniques away from the UHR which are 
coupled to a 1D full-wave model close to the UHR [10, 
11]. This allows us to convert the analytical pump electric 
field amplitude thresholds to a CTS gyrotron power thre-
shold necessary to excite the PDI in ASDEX Upgrade. 
For the experiment under consideration, the CTS gyro-
tron power threshold is found to be on the order of 100 
kW close to the UHR of the pump wave which is similar 
to the gyrotron power of 200 kW used in the experiment, 
indicating that the anomalous sidebands may be ex-
plained by the PDI. We note that the frequency shift pre-
dicted by the dipole theory overestimates the experimen-
tal one observed in Fig. 1 which may be understood if the 
warm UH wave is assumed to be forward scattered by the 
pump wave, following a line of inquiry similar to that of 
[12].
Fig. 2. CTS geometry in ASDEX Upgrade. 105 GHz  
O-mode gyrotron radiation is injected from the low-field side 
and reflected off the high-field side wall, after which part of the 
radiation may re-enter the plasma in X-mode and reach the 
UHR, where a PDI may occur due to strong field enhancement, 
provided that absorption at the ECR is not excessisive. X-mode 
radiation cannot reach the UHR if launched from the low-field 
side since no propagating X-mode exists in the shaded area
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